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We try to find a possible origin of the holographic principle in the Lorentz- 
covariant Yang's quantized space-time algebra (YSTA). YSTA, which is in- 
trinsically equipped with short- and long-scale parameters, A and R, gives a 
finite number of spatial degrees of freedom for any bounded spatial region, 
providing a basis for divergence-free quantum field theory. Furthermore, it 
gives a definite kinematical reduction of spatial degrees of freedom, com- 
pared with the ordinary lattice space. On account of the latter fact, we find 
a certain kind of kinematical holographic relation in YSTA, which may be 
regarded as a primordial form of the holographic principle suggested so far 
in the framework of the present quantum theory that appears now in the 
contraction limit of YSTA, A — ► and R — > oo. 
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1 Introduction 



According to the notice given in the previous paper J 1 ] we try to find a possible 
origin of the holographic principle in the Lorentz-covariant Yang's quantized 
space-time algebra (YSTA).' 1 ^ 2 ' As was extensively studied in the preceding 
works, W'M'W YSTA, which is intrinsically equipped with short- and long-scale 
parameters, A and R, gives a finite number of spatial degrees of freedom for 
any finite spatial region and provides a basis for the field theory free from 
ultraviolet- and infrared-divergences. 

Furthermore, we find out below an important fact that YSTA gives a 
definite kinematical reduction of spatial degrees of freedom, compared with 
the ordinary lattice space. On account of this fact, we really find out a kind of 
kinematical holographic relation. It may be regarded as a primordial form of 
the present holographic theory of area-entropy relational or the holographic 
principle, suggested so far in the framework of the present quantum theory 
subject to the Heisenberg's commutation relations that appear now in the 
Inonu-Wigner's contraction limit' 6 ! of YSTA, A — > and R — > oo, as was 
shown in [1]. 

At this point, it is worthy of noting the following view,' 7 ] that the holo- 
graphic principle should play the role of guide from the present physical 
world subject to the ordinary quantum theory to that of the ultimate theory 
of gravitation free from divergences and may be fully understood in the latter 
ultimate theory. It reminds us of the history of black body radiation, which 
originated in classical physics and was fully understood in quantum physics, 
playing the role of guide from the former to the latter physics. We believe 
that the noncommutative D brane field theory described appropriately on 
the Yang's quantized space-time' 1 ]' ' 3 ' may be a candidate towards such an 
ultimate theory. 

The present paper is organized as follows. In Sec. 2, we briefly recapitulate 
Yang's quantized space-time algebra (YSTA) and its representations. Sec. 3 
is devoted to review the derivation of D brane or D-particle field equation 
subject to YSTA according to the Moyal star product formalism for our 
subsequent consideration. In Sec. 4, we find out a certain kind of kinematical 
holographic relation in YSTA on the basis of a definite reduction of spatial 
degrees of freedom in YSTA, compared with the ordinary lattice space. In 
the final section, Sec. 5, the relation between our kinematical holographic 
relation subject to YSTA and the ordinary holographic area-entropy relation 
is discussed. 
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2 Yang's Quantized Space-Time Algebra (YSTA) and 
Its Representations 

2.1 Yang's Quantized Space-Time Algebra (YSTA) 

Let us first recapitulate briefly the Lorentz-covariant Yang's quantized space- 
time algebra (YSTA). D-dimensional Yang's quantized space-time algebra 
is introduced' 1 ''^ as the result of the so-called Inonu-Wigner's contraction 
procedure with two contraction parameters, R and A, from SO(D +1,1) 
algebra with generators Y>mn] 

t MN = i(q M d/dq N - q N d/dq M ), (2.1) 

which work on (D + 2)-dimensional parameter space qu (M = /i, a, b) satis- 
fying 

- ql + qf + ■■■ + ql-i + ql + ql = R 2 - (2.2) 

Here, q = —iqo and M = a,b denote two extra dimensions with space- 
like metric signature. 

.D-dimensional space-time and momentum operators, X M and P M , with 
fi = 1, 2, D, are defined in parallel by 

X M = A (2.3) 
P M = h/R ±, b , (2.4) 

together with P-dimensional angular momentum operator 

ee ht^ (2.5) 

and the so-called reciprocity operator 

A> ee X/R ± ab . (2.6) 

Operators (X^, P M , M M „, N) defined above satisfy the so-called contracted 
algebra of the original SO(D + 1, 1), or Yang's space-time algebra (YSTA): 

[X ll ,X v \ = -i\ 2 /hM lu , (2.7) 

[P^P v ] = -ih/R 2 (2.8) 

[X li ,P„] = -ihN6 IJU/ (2.9) 

[Y,X M ] =-i\ 2 /hP li (2.10) 

[N,P,] =ih/R 2 X^ (2.11) 

with familiar relations among M^'s omitted. 



3 



2.2 Quasi-Regular Representation of YSTA 

Let us further recapitulate briefly the representation' 1 ' 1 ^ of YSTA for the 
subsequent consideration in section 4. First, it is important to notice the 
following elementary fact that Emtv defined in Eq.(2.1) with M, N being the 
same metric signature have discrete eigenvalues, i.e., 0, ±1, ±2, . . ., and those 
with M, N being opposite metric signature have continuous eigenvalues, 
consistently with covariant commutation relations of YSTA. This fact was 
first emphasized by Yang' 2 ' in connection with the preceding Snyder's quan- 
tized space-time. ^ This conspicuous aspect is well understood by means of 
the familiar example of the three-dimensional angular momentum in quan- 
tum mechanics, where individual components, which are noncommutative 
among themselves, are able to have discrete eigenvalues, consistently with 
the three-dimensional rotation-invariance. 

This fact implies that Yang's space-time algebra (YSTA) presupposes for 
its representation space to take representation bases like 

|S 0a = t/\,U... >= |S a = t/X > |El2 = 7112 > -IS910 = ™910 >, (2.12) 

where t clearly denotes time, the continuous eigenvalue of X = X £ a and n... 
discrete eigenvalues of maximal commuting set of subalgebra of SO(D + 1, 1) 
which are commutative with Eoa, for instance, £12, £34,..., £910, when D = 
11. 

Indeed, an infinite dimensional linear space expanded by |£ a = t/ X, n... > 
mentioned above provides a representation space of unitary infinite dimen- 
sional representation of YSTA. It is the so-called "quasi-regular representation" ® 
ofSO(D+l,l)0 and is decomposed into the infinite series of the ordinary uni- 
tary irreducible representations" of SO(D + 1, 1) constructed on its maximal 
compact subalgebra, SO(D + 1). 

It means that there holds the following form of decomposition theorem, 

\± 0a = t/X,n... >=E E C£' n -(*/A) \a's;l,m>, (2.13) 

cr's l,m 

with expansion coefficients C^ ,n "(t/X). In Eq.(2.13), \a's;l,m >' s on the 
right hand side describe the familiar unitary irreducible representation bases 
of SO(D + 1,1), which are designated by a's and (l,m), denoting, re- 
spectively, the irreducible unitary representations of SO(D + 1,1) and the 

lr The corresponding eigenfunctions are explicitly given in ref. [3]. 

2 It corresponds, in the case of unitary representation of Lorentz group 50(3,1), to 
taking K 3 (~ £03) an d ^3 (~ £12) to be diagonal, which have continuous and discrete 
eigenvalues, respectively, instead of J 2 and J3 in the familiar representation. 

3 In the familiar unitary irreducible representation of SO(3, 1), it is well known that 



4 



associated irreducible representation bases of SO(D + 1), the maximal com- 
pact subalgebra of SO(D + 1, 1), mentioned above. It should be noted here 
that, as will be remarked in section 4, Vs are limited to be integer, ex- 
cluding the possibility of half-integer, because of the fact that generators 
of SO(D + 1) in YSTA are defined as differential operators on S D , i.e., 

q 2 + Q2 2 + ... + Qd-i 2 + q 2 + q 2 = 1. 

In what follows, let us call the infinite dimensional representation space 
introduced above for the representation of YSTA, Hilbert space I, in dis- 
tinction to Hilbert space II which is Fock-space constructed dynamically by 
creation-annihilaltion operators of second-quantized fields on YSTA, such as 
D-particle field, discussed in section 5. 

3 D Brane Field Equation in Moyal Star Product Formalism of 
YSTA 

In order to search for a possible holographic principle in YSTA, let us first 
remember the derivation of the field equation of D brane on the Yang's 
quantized space-time given in ref . [3] , by making use of the method of Moyal 
star product. We assumed there the D brane field to be the function of 
Y,Ka with K ranging over /i and b, that is, £)(£# a ) = D(X^,N) which is 
the minimal function to admit the infinitesimal translation operation, i.e., 
X^ X M + a^N, N^N- a^XjR 2 . ^ 

Furthermore, Xmtv corresponding to Emtv defined in Eq.(2.1) is now given 
as the function of the classical canonical variables, qu and pm, that is , 

Smw = {-quPN + qNPhi)- (3.1) 

As was stated in ref. [3], the Moyal star product of any two functions of 
^MN(q,p), is by definition given in the following covariant form, 

F(E) * G(E) = F(E) exp % - (d/dY, MN Y, NO <9/<9E OM ) (3.2) 

Starting from the following hypothetical action of D brane field, L, after 
the pioneer work "M-theory as a matrix model," ^ 

L = AtT {[±KL,D^] [£ K L,D] } 

cr's are represented by two parameters, (jo, k), with jo being 1, 2, ...oo and k being purely 
imaginary number, for the so-called principal series of representation. With respect to the 
associated representation of 5*0(3), when it is realized on 5 2 , as in the present case, Us 
denote positive integers, I = jo, jo + 1, jo + 2, oo, and m ranges over ±Z, ±(Z — 1), ±1, 0. 
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= A> tr {2 (R 2 /h 2 ) [P„fr] [P„D] 

-A" 4 [[X M X V ], Dt] }. (3.3) 

with K, L ranging over (//,&), and replacing the commutator [i^G] by the 
Moyal bracket [F, G]m = F-kG — G-kF and tr by the integrations over X^, N 
in the above expression, we arrived at the following D brane field equation' 3 ' 

2 (<9/<9£ ai ) 2 - (Z aK d/dZ aK ) 2 

-{D - l)Z aK d/dZ aK ] D(E aM ) = 0, 

or 

{(X a 2 + R 2 N 2 )((d/dXj 2 + R- 2 {d/dN) 2 )) - {X,d/dX, + Nd/dN) 2 
-(D - 1)(X M <9/<9X M + Nd/dN) } D(X V , N) = 0. (3.4) 

One should notice that the above equation is certainly a (_D+l)-dimensional 
field equation with coordinates X^, RN and tends to the .D-dimensional 
massless field equation in the Inonu-Wigner's contraction limit of YSTA, 
that is, A — > and R — > oo, as was noticed in ref.[l]. 

4 Kinematical Holographic Relation in YSTA 

Now, under the preliminaries given in the preceding sections, let us try to 
find a possible origin of area-entropy relation in YSTA, taking in mind the 
structure of the above field equation of D brane, Eq.(3.4), with (D + 1)- 
dimensional coordinates, X M and RN. 

A naive consideration leads us to examining the kinematical holographic 
relation between the area of boundary surface of any D-dimensional space- 
like region with radius L in the above (D + l)-dimensional coordinate space 
and the number of spatial degrees of freedom inside this space-like region. 

Let us define the above boundary surface of the D-dimensional space-like 
region with finite radius L in the unit of A by 

£ H aK 2 = £ V + Sa6 2 = (L/A) 2 , (4.1) 

or 

X 2 + X 2 + • + X D ^ 2 + R 2 N 2 = L 2 . (4.2) 

The area of the above region, A (in the unit of length A), is therefore 
nothing but the area of S ^ 1 , that is, the (D — l)-dimensional spherical 



6 



surface with radius L/X, which is given by 



A = (area of S^ 1 ) = ^ } _ (L/X) ' 1 , for D even 

( 27T )(D-l)/2 

= 2 (jD _ 2)! , {L/Xf-\ for D odd (4.3) 

Next, let us count the number of spatial degrees of freedom in this 
bounded region with radius L, denoted by n^ o{ . In order to calculate n^ of 
in YSTA, however, one should notice the following important fact that spa- 
tial quantities in YSTA are noncommutative operators, X u and (R)N, sub- 
ject to YSTA and consequently n^ of should be, logically and also practically, 
found in the representation space of YSTA, called Hilbert space I defined in 
subsection 2.2. 

Indeed, one finds that the representation space needed to calculate n^ o{ 
is prepared in Eq.(2.13), where any "quasi-regular" representation basis, 
l^oa = t/X,n... >, is decomposed into the infinite series of the ordinary uni- 
tary representation bases of SO(D + 1,1), \a's;l,m > . As was stated in 
subsection 2.2, the latter representation bases, \o~'s; l,m >' s are constructed 
on the familiar finite dimensional representations of maximal compact subal- 
gebra of YSTA, SO(D + 1), whose representation bases are labeled by (I, m) 
and provide the representation bases for spatial quantities under considera- 
tion, because SO(D + 1) just involves those spatial operators (X U ,RN). 

In order to arrive at the final goal of counting n^ of , therefore, one has only 
to find mathematically a certain irreducible representation of SO(D + 1), 
which properly describes (as seen in what follows) the spatial quantities 
(X u , RN) inside the bounded region with radius L, then one finds n^ of 
through counting the dimension of the representation. 

At this point, it is important to note that, as was remarked in advance 
in subsection 2.2, any generators of SO(D + 1) in YSTA are defined by the 
differential operators on the D— dimensional unit sphere, S D , i.e., qi 2 + q2 2 + 
... + qn-i 2 + q 2 + q 2 = 1, limiting its representations with I to be integer. 

On the other hand, it is well known that the irreducible representation 
of arbitrary high-dimensional SO{D + 1) on S D = SO{D + l)/SO(D) is 
derived in the algebraic way, ' 10 ^ irrelevantly to any detailed knowledge of 
the decomposition equation (2.13), but solely in accord with the fact that 
SO(D + 1) in YSTA is defined originally on S D , as mentioned above. One 
can choose, for instance, SO(D) with generators Yi M n{M,N = b,u), while 
SO(D + l) with generators Y* MN (M, N = a,b, u). Then, it turns out that any 
irreducible representation of SO(D + l), denoted by pi, is uniquely designated 
by the maximal integer / of eigenvalues of S a & in the representation, where 
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S a fc is known to be a possible Cartan subalgebra of the so-called compact 
symmetric pair (SO(D + 1), SO(D)) of rank l.' 10 ' 

According to the so-called Weyl's dimension formula, the dimension of p\ 
is given 

by[10],[l] 

dim « = l V-D! ' <4 ' 4) 

where v = (D - l)/2 and D > 20 

At this point, let us find a certain irreducible representation of SO(D + l) 
among those p[s given above, which properly describes (or realizes) the spatial 
quantities inside the bounded region with radius L. Now, let us choose ten- 
tatively I = [L/X] with [L/X] being the integer part of L/X. In this case, one 
finds out that the representation P[l/\] just properly describes all of generators 
of SO(D + 1) inside the above bounded spatial region with radius L, because 
[L/X] indicates also the largest eigenvalue of any generators of SO(D + 1) 
in the representation P[l/x] on account of its SO(D + 1)— invariance and 
hence eigenvalues of spatial quantities (X u , RN) are well confined inside the 
bounded region with radius L. As the result, one finds that the dimension of 
P[l/\] just gives the number of spatial degrees of freedom inside this bounded 
region, n^ of , according to the preceding argument. 

In consequence, one finds 

,l 2 ([L/A]+£>-2)! 



n doi = dim (p [L / X )] 



(D-l)\ ([L/X] 
2 



(D 



[L/Xf-\ (4.5) 



taking into account the fact that [L/X] ^> D. 

At this point, by comparing both Eqs.(4.3) and (4.5), we find out a very 
important relation, that is, the proportional relation between A and n doi , 

nL = A/G, (4.6) 
with the proportional constant G given by 

G (= A/n L dof ) ~ (D - 1)!! for D even (4.7) 

~ (2n) {D - 1)/2 (D - 1)!! for D odd, (4.8) 
which essentially depends only on the dimension D. 



4 This equation just gives the familiar result dim (pi) = 21 + 1, in the case SO(3) taking 
D = 2. 
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Let us call this relation given by Eq.(4.6) the kinematical holographic 
relation in Yang's space-time algebra (YSTA) on account of its definite kine- 
matical nature, as seen in the above derivation. It may be regarded as a 
primordial form of the so-called holographic principle widely studied in the 
framework of the present quantum theory. 

Before investigating the relation between the kinematical holographic re- 
lation, Eq.(4.6), and the ordinary holographic relation, let us consider the 
corresponding relation in the case of the familiar D-dimensional commuta- 
tive lattice space with lattice spacing A. In this case, the area A of (D — 1)- 
dimensional boundary surface is given by Eq.(4.3) as it stands, while [^]j of , 
the number of spatial degrees of freedom in the commutative lattice space 
mentioned above is given by the well-known D-dimensional volume with ra- 
dius L/X, that is, 

ML = { ^^(l/x) d f° r D ^ 

= (L/X) D for D odd. (4.9) 

Comparing this result with Eq.(4.5), we find out a marked difference 
between n^ of in YSTA and [n]^ o{ in the lattice space, that is, a definite 
reduction of spatial degrees of freedom in YSTA in comparison with the case 
of lattice space, which is clearly due to the noncommutativity of YSTA and 
enables us to arrive at the kinematical holographic relation, Eq.(4.6). 

5 Concluding Remarks 

In the preceding section, we have found the kinematical holographic rela- 
tion in YSTA, Eq.(4.6). The relation should be further compared with the 
ordinary holographic relation! 5 ] 

iVdof < A/4. (5.1) 

Here iV do f by definition means the total number of independent quantum 
degrees of freedom or the number of orthonormal bases of Hilbert space II 
needed to describe all physics inside the bounded spatial region with the 
boundary area A (in the unit of Planck length lp), although n dof in Eq.(4.6) 
refers to Hilbert space I, according to the definition of Hilbert space I, II 
given in subsection 2.2. 

The direct derivation of the holographic relation Eq.(5.1) from the kine- 
matical holographic relation Eq.(4.6), however, turns out to be principally 
difficult, because the former relation is viewed to hold in the physical world 
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subject to the ordinary quantum theory, while the latter relation to hold in 
the world subject to YSTA. As a matter of fact, the former world is certainly 
kinematically derivable from the latter through the Inonu-Wigner contrac- 
tion limit, A — > and R — > oo, and the value of coefficient factor G in Eq. 
(4.6) remains invariant under this limit, but n% o{ and A on both sides, clearly 
tend to infinity. 

Therefore, we have to step forward to calculate dynamically A^ f , i.e., 
the number of independent field degrees of freedom subject to YSTA, such 
as Dq brane field inside the bounded spatial region with the number of spatial 
dc grees of freedom, Ti^of ■ 

At this point, if we take into consideration that D brane field in YSTA 
is certainly a kind of n^ of x n^ of matrix field with respect to Hilbert space 
I, we are likely to imagine that there occurs a large number of contribution 
to Nfof, of the order of (n^ o{ ) 2 . This consideration, however, turns out to be 
premature if one takes into account the fact that D-particles as the funda- 
mental constituents or partons of all systems can never be observables with 
individuality as the objects of holographic view. 

Consequently, in order to answer this problem finally, we have to deal 
more in detail with the physical system such as black hole' 12 ^ on the basis 
of supersymmetric extension of Dq brane action, given by Eq.(3.3). The 
problem, however, must be left to the forthcoming paper. 

References 

[1] S. Tanaka, "Contracted representation of Yang's space-time algebra and 
Buniy-Hsu-Zee's discrete space-time," Found. Phys. Lett. 19 567(2006), 
|hep-th/0511023| 

[2] C. N. Yang, Phys. Rev. 72 874 (1947); Proc. of International Conf. on 
Elementary Particles, pp 322-323 Kyoto (1965); 
H. S. Snyder, Phys. Rev. 71 38 (1947); 72 68 (1947). 

[3] S. Tanaka, "Noncommutative field theory on Yang's space-time algebra, 
covariant Moyal star product and matrix model," |hep-th / 0406 1 66 , 

[4] S. Tanaka, "From Yukawa to M-theory," Proc. of Int. Symp. on Hadron 
Spectroscopy, Chiral Symmetry and Relativistic Description of Bound 
Systems, 3 (2003), |helTtIi/0306047[ 

S. Tanaka, "Yang's quantized space-time algebra and holographic hy- 
pothesis" , |hep-th/0303T05| 



10 



[5] G.'t Hooft, "Dimensional reduction in quantum gravity," gr-qc/9310026; 
L. Susskind, "The world as a hologram," J. Math. Phys. 36, 6337 (1995), 
|hep-th/9409089| 

L. Susskind and E. Witten, "The holographic bound in Anti-de Sitter 
space, hep-th:9805114; 

R. Bousso, "Holography in general space-times," JHEP9906, 028 (1999), 
hep-th/9906022[ 

J. Bekenstein, Phys. Rev. D7 2333 (1973); 
S. W. Hawking, Phys. Rev. D13 191 (1976). 

[6] E. Inonu and E. P. Wigner, "On the contraction of groups and their 
representations," Proc. Nat. Acd. Sci. USA 39 510 (1953). 

[7] J. D. Bekenstein, "Holographic bound from second law of thermody- 
namics," Phys. Lett. B481 (2000) 339, |hep-th/0003058[ 

[8] N. Ja. Vilenkin and A. U. Klimyk, Representation of Lie groups and 
Special Functions II (Kluwer Academic Publishers, 1993). 

[9] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, "M theory 
as a matrix model: A conjecture," Phys. Rev. D55 5112 (1997), 
|hep-th/9610043[ 

[10] M. Takeuchi, Modern Spherical Functions (Transl. Math. Monogr. 135, 
Amer. Math. Soc, Providence, 1993). 

[11] S. Tanaka, "Space-time quantization and matrix model," Nuovo Cim. 
114 B 49 (1999), |hep-th/9808064[ 

S. Tanaka, "Space-time quantization and nonlocal field theory - Rela- 
tivistic second quantization of matrix model," |hep -th/0002001. 

[12] J. Maldacena and L. Susskind, "D-branes and fat black hole," 
Nucl. Phys. B475 (1996) 679, |hep-th/9604042| 

A. Strominger and C. Vafa, "Microscopic origin of the Bekenstein- 
Hawking entropy," Phys. Lett. B379 (1996) 99, |hep-th/9601029[ 



11 



